Abstract⎯The problem of integer balancing of a four-dimensional matrix is studied. The elements of the inner part (all four indices are greater than zero) of the given real matrix are summed in each direction and each two-and three-dimensional section of the matrix; the total sum is also found. These sums are placed into the elements where one or more indices are equal to zero (according to the summing directions). The problem is to find an integer matrix of the same structure, which can be produced from the initial one by replacing the elements with the largest previous or the smallest following integer. At the same time, the element with four zero indices should be produced with standard rules of rounding-off. In the article the problem of finding the maximum multiple flow in the network of any natural multiplicity is also studied. There are arcs of three types: ordinary arcs, multiple arcs and multi-arcs. Each multiple and multi-arc is a union of linked arcs, which are adjusted with each other. The network constructing rules are described. The definitions of a divisible network and some associated subjects are stated. There are defined the basic principles for reducing the integer balancing problem of an -dimensional matrix ( ) to the problem of finding the maximum flow in a divisible multiple network of multiplicity k. There are stated the rules for reducing the four-dimensional balancing problem to the maximum flow problem in the network of multiplicity 5. The algorithm of finding the maximum flow, which meets the solvability conditions for the integer balancing problem, is formulated for such a network.
INTRODUCTION
Different problems of integer balancing appear in management, economics, and finance. For example, this problem is set when planning railway cargo transportations. We have a matrix plan for the dispatch of empty goods trucks grouped by several indices (i.e. direction, type of truck, owner, etc.). This plan is a month compilation and values are integers. However, we have to send trucks daily. If we divide our plan by the number of days in a month, we will get fractional values. In this case, we have the problem of rounding-off the main parameters where the totals should be between some limits. Such a plan can be presented in the form of an -dimensional matrix, where is a number of summing indices. The corresponding problem of rounding-off the main parameters is called a problem of integer balancing of an -dimensional matrix.
It is obvious that the problem of integer balancing of an -dimensional matrix is the particular case of the multi index integer programming problems (see [1, 2] ). Very often such problems are -complete (e.g. the axial and planar 3-index problems considered in [3] ), but there are also exist the polynomial multi index problems (e.g. the 3-index linear programs with nested structure, see [4] ).
In the articles [5, 6] the reduction of the two index integer balancing problem ( ) to the classical problem of finding the maximum flow in a transportation network (see [7] ) is suggested. But such a reduction is impossible in the case of three or more indices. Moreover, the problem of integer balancing of a three-dimensional matrix is -complete (see [8] ). The polynomial reduction of the classical -complete problem of 3-dimensional matching (see [9, 10] ) to the three index balancing problem is constructed to prove the corresponding statement. 1 The article was translated by the authors.
The purpose of the present work is to generalize the results, which were previously obtained for the three-dimensional integer balancing problem (see [8, [11] [12] [13] ), for the case of the four-dimensional problem. Also, we will get the model of the multiple network for the solution of the four-dimensional problem.
STATEMENT OF THE PROBLEM
We have a four-dimensional real matrix with non-negative elements ( ). The balance conditions are met for this matrix:
Problem 1. It is required to find an integer matrix of the same size, which meets the balance conditions and which also meets the following conditions:
Like it was in the three-dimensional case (see [11] ), we shall consider that the elements ( ) of the initial matrix belong to the interval Note, that in the previous works we considered the three dimensional balancing problems with constraints of the first (see [11] ) and the second (see [12, 13] ) type. In the first case, the summing elements of the resultant integer matrix may differ from the initial ones by less than 1. In the second case, the differences should be less than 2 (excluding the element with all zero indices). Thus, problem 1 is the problem of integer balancing of a four-dimensional matrix with constraints of the first type. Theorem 1. If the initial matrix consists of rational elements only, problem 1 is -complete. When s = 1, problem 1 is three-dimensional and the statement of theorem 1 follows from the -completeness of the three-dimensional problem of integer balancing (see [8] ).
MULTIPLE NETWORKS AND FLOWS. ESSENTIAL DEFINITIONS
In [11] [12] [13] it is shown that the three-dimensional problems can be reduced to the problem of finding the maximum flow in the multiple network of integer balancing of a three-dimensional matrix (it is the ∑∑∑∑ 000 0 00
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particular case of the divisible multiple network, see [14, 15] 
Definition 2. The multiple flow in a network is an integer function defined on the set of arcs which is non-negative, limited (by the capacities) and continuous (in any vertex). Definition 3. The multiple flow value is a sum of the flow coming in the sink equal to the flow coming out the source. Because of the integer values of the flow on each ordinary arc and each linked arc of any multiple and multi-arc, the value of should be divisible by k.
Denote by the capacity of arc and denote by the flow on it.
Definition 4. Consider the multiple network of random multiplicity k. Suppose that the deletion of all multiarcs partitions our network into weakly connected components, where one component consists of the vertex only; the component, which includes the vertex includes multiple arcs only; all other components include ordinary arcs only. If each multi-arc has exactly one end in each of components, which include ordinary arcs, such a network is called divisible.
Denote the divisible network component, which includes multiple arcs, as P 0 . Denote the divisible network components, which include ordinary arcs, as P 1 , …, P k .
Definition 5. The divisible network part ( ) is the union of the corresponding component with the linked arcs of all multi-arcs, which are incident to it, excluding the multi-arc ending in the vertex z, and also with the -th linked arc of each multiple arc from the component P 0 .
Denote the beginning vertices of the multi-arc ending in the vertex as z 1 , …, z k . Denote the beginning vertices of all other multi-arcs as y j . 
Definition 6.
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BASIC PRINCIPLES FOR REDUCING THE BALANCING PROBLEM
TO THE MAXIMUM MULTIPLE FLOW PROBLEM Let us define the basic principles for reducing the integer balancing problem to the maximum multiple flow problem before we turn to describe the network model for problem 1.
In the three-dimensional case, we build the divisible multiple network of integer balancing where any generalized route from to z, which is adjusted on the common part of the subnets and G 2 , can be juxtaposed to the traversal of the elements of the initial three-dimensional matrix for some (see [11, 12] ). Such a traversal begins and ends in the element any other element is visited exactly one time. These elements form a cube in the initial matrix A. Thus, an increase of the flow on such a route leads to the increase of the value of and to the adjusted increase of all totals linked with this element. The traversal is performed in a sequence Using the multi-arcs, we can perform two branchings stated in the sequence. The essential point is that for any given the pair of elements is defined uniquely (in the multiple network a vertex can be the common end of only one multi-arc). For any we should demand to construct the similar scheme to reduce the -dimensional balancing problem to the problem of finding the maximum flow in a multiple network. In that case, many results for the three-dimensional problem may be generalized for the case of Formally, the following problem is set.
Problem 2. It is demanded to perform a reduction of the problem of integer balancing of an -dimensional matrix ( ) to the problem of finding the maximum multiple flow in the network of the multiplicity k, which meets the conditions:
(1) each element of the matrix corresponds to one or more vertices of the network ; each vertex of the network corresponds to exactly one element of the matrix A; (2) the source and the sink of the network correspond to the matrix root element (all indices equal to zero);
(
3) any generalized route from the source to the sink passes through exactly one vertex, which corresponds to the element from the inner part of the matrix (all indices are positive). This route realizes the traversal of a hypercube, which consists of the element and all totals linked with it; each total (excluding the root element) is visited exactly one time;
(4) the network is divisible; (5) the best reduction is the reduction where the parameter is minimum; (6) the reduction is polynomial. Let us discuss the probable solutions to problem 2 in the case of In the four-dimensional case, we should build the multiple network where any generalized route from to z, which is adjusted on the common part of the network, corresponds to the traversal of 16 vertices of the hypercube. Trying to reduce problem 1 to the network problem of the multiplicity 3 in a manner, which is similar to the three-dimensional one, we will get the following traversal variant (or analogous):
It is easy to verify that such a traversal leaves two totals unseen ( and in the described case). Thus, problem 2 cannot be solved in that way.
We can resolve the issue in two ways. The first approach is to use 4 branchings instead of 2:
This approach is not the best, because there are several branching variants for which correspond to different values of j, p, and q. Consequently, we need to allow to link more than one multi-arc with one vertex in a multiple network, which significantly increases the complexity of the model as a whole. Certainly, such a network would not be divisible, thus, this approach is also not applicable to problem 2.
The second approach is to reduce problem 1 to finding the maximum flow in a network of the multiplicity 5. For that, we need to traverse the hypercube vertices in a sequence: The vertex is the network source, the vertex is the sink.
The arc capacities are determined by the following rules ( ). The capacities of the multiple arcs:
The capacities of the multi-arcs:
The capacities of the ordinary arcs in the part G 1 :
The capacities of the ordinary arcs in the part G 2 :
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The capacities of the ordinary arcs in the part G 3 :
The capacities of the ordinary arcs in the part G 4 :
The capacities of the ordinary arcs in the part G 5 :
Set the following solvability conditions for the resultant multiple network of integer balancing ( ):
Theorem 3. Problem 1 is solvable only in the case when there exists a maximum multiple flow ϕ in the corresponding multiple network whose value is
and which satisfies the solvability conditions. The correctness of theorem 3 follows from the rules of network construction and from the condition of continuity of the flow in each vertex. Note, that a solution of this kind to the maximum multiple flow problem will induce the solution to problem 1. The rule is that is set equal to one-fifth of the flow coming through the vertex incident to a multiple arc and is set equal to the flow coming through the vertex incident to an ordinary arc. It is noteworthy that the solvability conditions are mandatory only for the multiple arcs and for the ordinary arcs in the parts G 1 , G 2 , and G 3 . If problem 1 is solvable, the conditions, which provide the minimum allowable flow on the arcs in the parts and G 5 , meet automatically due to the fact that the sums of the capacities of all arcs coming in and are equal to Problem 1 can be solved by the algorithm, which can be obtained as a direct generalization of the algorithm for the three-dimensional problem. 
